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FirstFirst--orderorder metric perturbations in metric perturbations in 
the Poisson gauge (the Poisson gauge (dust casedust case))
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SecondSecond--orderorder metric perturbations metric perturbations 
in the Poisson gauge (in the Poisson gauge (dust casedust case))
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Synchronous and comoving gauge: Tomita 1971; Matarrese, Pantano & Saez 1994; 
Poisson gauge: Matarrese, Mollerach & Bruni 1998
Extended to fully non-linear case by Carbone & Matarrese (2004)
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NonNon--Gaussian primordial Gaussian primordial 
perturbations from Inflationperturbations from Inflation
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Nicola Nicola BartoloBartolo (Sussex (Sussex ICTP, Trieste)ICTP, Trieste)
Michele Michele LiguoriLiguori (Phys. Dept., (Phys. Dept., PadovaPadova))
SabinoSabino Matarrese  Matarrese  (Phys. Dept., (Phys. Dept., PadovaPadova))
Antonio Antonio RiottoRiotto (INFN, (INFN, PadovaPadova) ) 
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based on …based on … review on 
non-Gaussianity
from Inflation

Acquaviva V., Bartolo N., Matarrese S. & Riotto A. 2003, Nucl. Phys. B 667 119

Bartolo N., Komatsu E., Matarrese S. & Riotto A. 2004, Phys. Rept. 402 103 (astro-
ph/0406398)

Bartolo N., Matarrese S. & Riotto A. 2002,  Phys. Rev. D 65 103505

Bartolo N., Matarrese S. & Riotto A. 2004, Phys. Rev. D 69 043503

Bartolo N., Matarrese S. & Riotto A. 2004, JCAP 01 003 

Bartolo N., Matarrese S. & Riotto A. 2004, JHEP 04 006

Bartolo N., Matarrese S. & Riotto A., 2004, Phys. Rev. Lett., in press (astro-
ph/0407505)

Liguori M., Matarrese S. & Moscardini L. 2003, ApJ 597 56
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Why (nonWhy (non--) Gaussian?) Gaussian?

free (i.e. non-interacting)
field 

collection of independent harmonic oscillators (no modecollection of independent harmonic oscillators (no mode--mode mode 
coupling)coupling)

the motivation for Gaussian initial conditions (the standard the motivation for Gaussian initial conditions (the standard 
assumption) ranges from mere simplicity to the use of the assumption) ranges from mere simplicity to the use of the 
Central Limit Theorem, to the property of inflation produced Central Limit Theorem, to the property of inflation produced 
seeds (seeds (…… see below)  see below)  

Gaussian

large-scale
phase coherence

non-linear gravitational
dynamics
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The presentThe present--day view on day view on 
nonnon--GaussianityGaussianity

Alternative structure formation models of the Alternative structure formation models of the 
eighties considered strongly noneighties considered strongly non--Gaussian Gaussian 
primordial fluctuations. primordial fluctuations. 
The increased accuracy in CMB and LSS The increased accuracy in CMB and LSS 
observations has, however,  excluded this extreme observations has, however,  excluded this extreme 
possibility.possibility.
The presentThe present--day challenge is to either detect or day challenge is to either detect or 
constrain mild or even weak deviations from  constrain mild or even weak deviations from  
primordial Gaussian seeds.primordial Gaussian seeds.
Deviations of this type are not only possible but are Deviations of this type are not only possible but are 
unavoidably predicted in the standard perturbation unavoidably predicted in the standard perturbation 
generating mechanism provided by inflation. generating mechanism provided by inflation. 
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“Non“Non--Gaussian=nonGaussian=non--dog”dog”
S. F. Shandarin

Need a model able to Need a model able to parametrizeparametrize deviations from the deviations from the 
Gaussian Gaussian behaviourbehaviour in a cosmological frameworkin a cosmological framework

A simple class of A simple class of mildlymildly nonnon--Gaussian perturbations is Gaussian perturbations is 
described by a sort of Taylor expansion around the Gaussian described by a sort of Taylor expansion around the Gaussian 
case: case: 

ΦΦ= = φφ + + ffNLNL φφ22 + + ggNLNL φφ33 + … const.+ … const.

where where Φ Φ is the peculiar gravitational potential, is the peculiar gravitational potential, φ φ is a Gaussian is a Gaussian 
fieldfield, , ffNLNL, , ggNN, , etc. … are dimensionless parameters quantifying etc. … are dimensionless parameters quantifying 
the nonthe non--Gaussian (i.e. nonGaussian (i.e. non--linear) strengthlinear) strength
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NonNon--GaussianityGaussianity and and 
scalescale--invarianceinvariance

Following Following Otto, Otto, PolitzerPolitzer, , PreskillPreskill & Wise & Wise (1986) and (1986) and Grinstein & WiseGrinstein & Wise (1986), (1986), 
if the scales of the perturbationif the scales of the perturbation--generating process are negligible w.r.t. the  generating process are negligible w.r.t. the  
cosmologically relevant scales, a cosmologically relevant scales, a generalized scale-invariance criterion criterion 
applies: applies: 

given the linear density fluctuation field given the linear density fluctuation field 
  δδ((kk,,ττ) = ) = εε((kk) D) D++((ττ)) ,,

with Dwith D++((τ) τ) the linear growing mode andthe linear growing mode and ττ the conformal time, scalethe conformal time, scale--
invariance requiresinvariance requires

  < ε< ε((λλkk11) ) εε((λλkk22) … ) … εε((λλkknn)>)>connectedconnected =  =  λλ--n n <<εε((kk11) ) εε((kk22) ) εε((kknn)>)>connectedconnected

which extends to arbitrary order the scaling implicit in thwhich extends to arbitrary order the scaling implicit in the e Harrison-Zel’dovich
powerpower--spectrum spectrum 

< ε< ε((λλkk11) ) εε((λλkk22) > ~ k) > ~ k11 δδ(3)(3)((kk11 + + kk22))
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The nonThe non--Gaussian modelGaussian model

<< 1010−−3 3 

fromfrom
WMAPWMAP

Many primordial (inflationary) models of non-Gaussianity can be 
represented in configuration space by the general formula (e.g. Verde et 
al. 2000; Komatsu & Spergel 2001) 

 Φ = = φL + fNL * ( φL
2 - <φL

2>)

 where Φ is the large-scale gravitational potential, φL its linear Gaussian
contribution and fNL is the dimensionless non-linearity parameter (or more 
generally non-linearity function). The percent of non-Gaussianity in CMB 
data implied by this model is

 

 NG % ~ 10-5 |fNL|
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Classify Inflationary Classify Inflationary 
ModelsModels
The shape of the inflaton potential V (φ) 
determines the observables.

It is standard practice to use three “slow-roll”
parameters to characterize it:

ε “slope” of the potential  ~ (V’/V)2 1

η “curvature” of the potential ~V’’/V ~ ε 1

ξ “jerk” of the potential ~(V’/V)(V’’’/V) ~ ε2

slow-roll conditions
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Classify Inflationary Classify Inflationary 
ModelsModels

Ratio of tensor to 
scalar modes
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Each point is a “viable” slow-roll 
model, able to sustain inflation for 
sufficient e-foldings to solve the 
horizon problem and make the 
Universe (nearly) flat.

Monte Carlo simulations following 
(Kinney 2002) flow-equation 
technique

Peiris et al. 2003
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Where does largeWhere does large--scale nonscale non--
GaussianityGaussianity come from?come from?

Falk et al. (1993) found fNL ∼ ξ ∼ ε2 (from non-linearity in the 
inflaton potential in a fixed de Sitter space) in the standard 
single-field slow-roll scenario

Gangui et al. (1994), using stochastic inflation found fNL ∼ ε 
(from second-order gravitational corrections during inflation). 
Acquaviva et al. (2003) and Maldacena (2003) confirmed this 
estimate (up to numerical factors and momentum-dependent 
terms) with a full second-order approach

Bartolo et al. (2004) show that second-order corrections after 
enhance the primordial signal leading to fNL~ 1inflation



December 24, 2004December 24, 2004 88--th Paris Cosmology Colloquium 2004th Paris Cosmology Colloquium 2004 1515

NonNon--GaussianityGaussianity requiresrequires
more than linear theory …more than linear theory …

The leading contribution to higherThe leading contribution to higher--order statisticsorder statistics
(such as the (such as the bispectrumbispectrum, i.e. the FT of the three, i.e. the FT of the three--point point 
function) comes from secondfunction) comes from second--order metric  order metric  
perturbations around the RW background (unless the perturbations around the RW background (unless the 
primordial nonprimordial non--GaussianityGaussianity is very strong)is very strong)

“… the linear perturbations are so surprisingly simple that a pe“… the linear perturbations are so surprisingly simple that a perturbationrturbation
analysis accurate to second order may be feasible …”    analysis accurate to second order may be feasible …”    

Sachs & Wolfe 1967Sachs & Wolfe 1967
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Evaluating nonEvaluating non--GaussianityGaussianity
from inflation: summaryfrom inflation: summary

Evaluate non-Gaussianity during inflation by a self-consistent second-order 
calculation.

Evolve scalar (vector and tensor) perturbations to second order after inflation 
outside the horizon, matching a conserved second-order gauge-invariant 
variable, such as the comoving curvature perturbation ζ(2) defined by Malik & 
Wands (2004), or the similar quantity defined by Salopek & Bond (1990),
ζ(2)

SB = ζ(2) − 2 (ζ(1))2, to its value at the end of inflation (accurately accounting 
for the Universe reheating after inflation).

Evolve them consistently inside the horizon this should involve a 
calculation of the radiation transfer function to second order!

On large scales, account for: On large scales, account for: i)i) SachsSachs--WolfeWolfe--like secondlike second--order temperature order temperature 
fluctuations (fluctuations (MollerachMollerach & & MatarreseMatarrese 19971997), ), ii)ii) secondsecond--order intrinsic order intrinsic 
temperature anisotropies at lasttemperature anisotropies at last--scattering.scattering.
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NonNon--GaussianityGaussianity from from 
Inflation: resultsInflation: results

The amount of non-Gaussianity from a wide class of models, including
single-field slow-roll inflation, curvaton (Mollerach 1990; Moroi & Takahashi 
2001; Enqvist & Sloth 2002; Lyth & Wands 2002) and modulated reheating
(Hamazaki & Kodama 1996; Dvali et al. 2003; Zaldarriaga 2003; Kofman
2003), follows a universal (second-order) relation:

∆T/T = 1/3 (φL + φNL)

φNL = fNL * φL
2 + const.

fNL = f NL
0 - 3(k1

4+k2
4)/2k4+ (k1

. k2 / k2) .
.[4 - 3 (k1 

. k2 / k2)],             k = k1 + k2     

Sachs-Wolfe limit; replaced by full 
transfer function in CMB maps
Sachs-Wolfe limit; replaced by full 
transfer function in CMB maps
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Inflation models and Inflation models and ffNLNL

-- 0.1 0.1 γγ22DD--ccelerationcceleration

postpost--inflation corrections not inflation corrections not 
includedincluded-- 140 140 β αβ α--3/53/5ghost inflationghost inflation

secondsecond--order corrections not order corrections not 
includedincludedtypically 10typically 10--11warm inflationwarm inflation

13/12 13/12 –– I I -- g(g(kk11, , kk22))modulated reheatingmodulated reheating

r ~ (r ~ (ρρσσ//ρ)ρ)decaydecay2/3 2/3 -- 5r/6 + 5/4r5r/6 + 5/4r -- g(g(kk11, , kk22))curvatoncurvaton scenarioscenario

g(g(kk11, , kk22)=)=3(k1
4+k2

4)/2k4+(k1
. k2) . 

[4-3(k1
. k2)/k2]/k2,    k=k1+k2

7/3 7/3 –– g(g(kk11, , kk22))singlesingle--field inflationfield inflation

commentscommentsfNL(k1,k2)

postpost--inflation corrections not inflation corrections not 
includedincluded

“unconventional” inflation set“unconventional” inflation set--upsups

multimulti--field inflationfield inflation order of magnitude estimate of order of magnitude estimate of 
the absolute valuethe absolute value

I = I = -- 5/2 + 55/2 + 5Γ / (12 αΓΓ / (12 αΓ11))
I = 0      (I = 0      (minimal caseminimal case))

modelmodel

up to 10up to 1022
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NonNon--GaussianGaussian CMB maps: CMB maps: 
Planck resolutionPlanck resolution

Liguori, Matarrese & Moscardini 2003, ApJ Liguori, Matarrese & Moscardini 2003, ApJ 597597, 56, 56

5’ resolution
lmax = 3000, Nside=2048
5’ resolution
lmax = 3000, Nside=2048

fNL = 3000fNL = 3000

fNL = 0fNL = 0

fNL = - 3000fNL = - 3000
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Observational constraints Observational constraints 
on on ffNLNL

The strongest limits on non-
Gaussianity so far come from WMAP 
data. Komatsu et al. (2003) find (at 
95% cl).  

According to Komatsu & Spergel
(2001) using the angular bispectrum
one can reach values as low as                             

with WMAP & 
with Planck can be achieved.

The role of the fNL momentum-
dependent part is being explored 
(Komatsu, Liguori, Matarrese & 
Riotto, in prep.) as a characteristic 
inflation signature reflecting into 
some specific triangle configuration 
of the bispectrum.

Komatsu et al. 2003

- 58 <  fNL < 134

|fNL| = 20 |fNL| = 5
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Statistical analysis of NG Statistical analysis of NG 
CMB maps vs. WMAPCMB maps vs. WMAP

Local curvature of 
CMB anisotropies

Density of hills (where the Hessian Density of hills (where the Hessian 
eigenvalueseigenvalues are both positive) as a are both positive) as a 
function of the threshold function of the threshold νν, for , for 
different values of different values of ffNLNL. The grey band . The grey band 
is the 1is the 1σσ confidence level. The solid confidence level. The solid 
crosses are the crosses are the WMAPWMAP data. We finddata. We find

at the 2at the 2σσ level

1755 ±−=NLf
level

Cabella P., Liguori M., Hansen F., Marinucci D., Matarrese S., Moscardini L. & Vittorio N. 2004
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Searching for nonSearching for non--GaussianityGaussianity
with rare eventswith rare events
Besides using standard statistical estimators, like Besides using standard statistical estimators, like 
bispectrumbispectrum, , trispectrumtrispectrum, three and four, three and four--point function,  point function,  
skewnessskewness , etc. …, one can look at the tails of the , etc. …, one can look at the tails of the 
distribution, i.e. at rare events. distribution, i.e. at rare events. 

Rare events have the advantage that they often Rare events have the advantage that they often 
maximize deviations from what predicted by a maximize deviations from what predicted by a 
Gaussian distribution, but have the obvious Gaussian distribution, but have the obvious 
disadvantage of being … rare!disadvantage of being … rare!

MatarreseMatarrese, Verde & Jimenez (2000), Verde & Jimenez (2000) and and Verde, Verde, 
Jimenez, Jimenez, KamionkowskiKamionkowski & & MatarreseMatarrese (2001)(2001) have have 
shown that clusters at high shown that clusters at high redshiftredshift (z>1) can probe (z>1) can probe 
NG down to NG down to ffNLNL ~ 10~ 102 2 which is, however, not which is, however, not 
competitive with future CMB (Planck) constraints. competitive with future CMB (Planck) constraints. 

Primordial nonPrimordial non--GaussianityGaussianity would also strongly affect would also strongly affect 
the abundance of the first nonthe abundance of the first non--linear objects in the linear objects in the 
Universe, thereby affecting the Universe, thereby affecting the reionizationreionization epoch epoch 
(Chen et al. 2003)(Chen et al. 2003) is the WMAP result is the WMAP result zzreionreion~ 20~ 20--30 30 
more likely?more likely?

mass-function of massive haloes

number-counts of massive haloes
Komatsu et al. 2003Komatsu et al. 2003
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Searching for nonSearching for non--
GaussianityGaussianity with LSSwith LSS

Verde et al. (1999, 2001)Verde et al. (1999, 2001) showed that constraints on primordial nonshowed that constraints on primordial non--GaussianityGaussianity in the in the 
gravitational potential from “local” large gravitational potential from “local” large redshiftredshift--surveys like 2dF and SDSS are not surveys like 2dF and SDSS are not 
competitive with CMB ones: competitive with CMB ones: ffNLNL has to be larger than has to be larger than 101022 –– 101033 in order to be detected in order to be detected 
as a sort of nonas a sort of non--linear bias in the galaxylinear bias in the galaxy--toto--dark matter density relation. However LSS dark matter density relation. However LSS 
gives complementary constraints, as it probes NG on different scgives complementary constraints, as it probes NG on different scales than CMB. Weak ales than CMB. Weak 
lensinglensing statistics might also provide interesting constraints statistics might also provide interesting constraints ((LesgourguesLesgourgues, , LiguoriLiguori, , 
MatarreseMatarrese & & RiottoRiotto 2004). 2004). 

Going to Going to redshiftredshift z~1 helps (but one would surveys covering a large fraction of tz~1 helps (but one would surveys covering a large fraction of the he 
sky). sky). ScoccimarroScoccimarro et al. (2004)et al. (2004) claim that a claim that a bispectrumbispectrum analysis over a hypothetical allanalysis over a hypothetical all--
sky survey at z~1 might detect NG down to sky survey at z~1 might detect NG down to ffNLNL ~ 1 ~ 1 (quite likely too optimistic because (quite likely too optimistic because 
of the large waveof the large wave--number range used in the estimate and wide survey area assumed).number range used in the estimate and wide survey area assumed).

A promising new technique could be provided by 21A promising new technique could be provided by 21--cm background anisotropies cm background anisotropies 
((CoorayCooray 2004),2004), as the “effective” NG strength in the underlying CDM as the “effective” NG strength in the underlying CDM overdensityoverdensity
increases with increases with redshiftredshift ((PorcianiPorciani & & MatarreseMatarrese, in prep.), in prep.)..

The nonThe non--GaussianityGaussianity level perceived in the density field is not merely that arisinglevel perceived in the density field is not merely that arising from a from a 
quadratic term in the gravitational potential (quadratic term in the gravitational potential (δ δ ~~ ∇∇22 ϕϕ22): a): a nonnon--trivial and modeltrivial and model--
independent configuration dependence always arises, which might independent configuration dependence always arises, which might help NG detection in help NG detection in 
LSS analyses LSS analyses ((BartoloBartolo, , MatarreseMatarrese & & RiottoRiotto, in prep.)., in prep.).
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Bias and Bias and ΩΩ00 from the 2dFGRSfrom the 2dFGRS

Analysing the bispectrum of 2dF galaxies   
Verde, Heavens, Percival, Matarrese & 2dF 
team (2002) found

08.005.0
11.004.1

2 ±−=
±=

b
b

b2 is where non-Gaussianity may be hidden!!
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Conclusions on NGConclusions on NG

Contrary to earlier naive expectations, some level of non-Gaussianity is 
generically present in all inflation models   

The level of non-Gaussianity predicted in the simplest inflation models is 
slightly below the minimum value detectable by Planck, but the predicted 
angular dependence of fNL (Komatsu, Liguori, Matarrese & Riotto, in prep.),
extensive use of simulated non-Gaussian CMB maps, measurements of 
polarization and use of alternative statistical estimators might help non-
Gaussianity detection down to fNL ~ 1. Alternative techniques based on 
clustering at high redshift might also become viable in the future. 

Constraining or detecting non-Gaussianity will become a powerful tool to 
discriminate among competing scenarios for perturbation generation 
(standard slow-roll inflation, curvaton and modulated-reheating scenarios, 
multi-field or ghost inflation, …) some of which imply large non-Gaussianity

Predicting or constraining non-Gaussianity should be considered as a branch 
of Precision Cosmology
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BB--mode CMB polarization mode CMB polarization 
from scalar perturbationsfrom scalar perturbations

DiagoDiago HarariHarari (Buenos Aires (Buenos Aires BarilocheBariloche))
SabinoSabino Matarrese  Matarrese  (Phys. Dept., (Phys. Dept., PadovaPadova))
Silvia Silvia MollerachMollerach (Centro (Centro AtomicoAtomico, , BarilocheBariloche))

Mollerach, Harari & Matarrese 2004, Phys. Rev. D 69 063002
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SecondSecond--order effects from scalar order effects from scalar 
modes & Bmodes & B--mode polarizationmode polarization

 1e-21

 1e-20

 1e-19

 10  100  1000

l(l
+

1)
C

l(B
) /2

π

l

gravitational lensing

primordial 
gravitational waves

secondary vector & 
tensor modes

The B-mode polarization 
produced by primordial 
gravitational waves can 
be hidden by gravitational 
lensing and/or by second-
-order vector and tensor 
modes, unless the inflation 
energy scale is larger than 
1015 GeV

Mollerach, Harari & Matarrese 2004, Phys. Rev. D 69 063002
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Seed magnetic fields Seed magnetic fields 
generation from density generation from density 

perturbationsperturbations

SabinoSabino Matarrese  Matarrese  (Phys. Dept., (Phys. Dept., PadovaPadova))
Silvia Silvia MollerachMollerach (Centro (Centro AtomicoAtomico, , BarilocheBariloche))
AlessioAlessio NotariNotari (SNS, Pisa (SNS, Pisa McGill, Montreal)McGill, Montreal)
Antonio Antonio RiottoRiotto (INFN, (INFN, PadovaPadova))

astroastro--ph/0410687ph/0410687
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Magnetic field generation from Magnetic field generation from 
secondary vector modessecondary vector modes

While the total vorticity of the system is conserved –
in full agreement with Kelvin’s circulation theorem –
and can be set to zero, electrons and protons acquire 
a non-zero rotational velocity from the second-order 
metric vector mode, which in turn arises from the 
mode-mode coupling of primordial scalar modes. This 
rotational velocity gives rise to a seed magnetic field, 
according to Harrison’s mechanism.   

1e-47

1e-46

1e-45

1e-44

1e-43

0.001 0.01 0.1 1 10

S
(k

) 
[G

2  M
pc

3 ]

k [Mpc-1]Note: magnetic field generation will also arise due to  
recombination (Hogan 1997; Dolgov Berezhiani 2003) and 
reionization (Aghanim et al. 2001; Gnedin et al. 2001) physics. 
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Does acceleration Does acceleration 
require Dark Energy? require Dark Energy? 

Rocky Kolb Rocky Kolb ((FermilabFermilab/Chicago)/Chicago)
SabinoSabino Matarrese  Matarrese  (Phys. Dept., (Phys. Dept., PadovaPadova))
AlessioAlessio NotariNotari (SNS, Pisa (SNS, Pisa McGill, Montreal)McGill, Montreal)
Antonio Antonio RiottoRiotto (INFN, (INFN, PadovaPadova))
EnricoEnrico BarausseBarausse (SISSA, Trieste)(SISSA, Trieste)

hephep--ph/0409038; astroph/0409038; astro--ph/0410541; in prep.ph/0410541; in prep.
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Solution of the horizon Solution of the horizon 
problem: inflation problem: inflation ä ä >0>0

Kinney 2003

About 60 e-folds of inflation 
suffice to solve the horizon 
and flatness problems. 
Inflation, however, usually 
lasts much much longer!
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our 
Hubble
volume

our 
inflation
volume

N ~ 60

size ~ H0
-1

size ~ HI
-1eN
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our 
inflation
volume

N 60��

our 
Hubble
volume
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Crucial pointCrucial point
Remember the statistical nature of the Remember the statistical nature of the 
cosmological fluctuations induced by quantum cosmological fluctuations induced by quantum 
vacuum oscillations of the vacuum oscillations of the inflatoninflaton

The observable Universe corresponds to just The observable Universe corresponds to just 
one (possibly typical) member of an ensemble one (possibly typical) member of an ensemble 
of possible Universes of possible Universes 

Our observed Universe is only a tiny fraction of Our observed Universe is only a tiny fraction of 
the entire inflated Universethe entire inflated Universe
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Do superDo super--Hubble perturbations haveHubble perturbations have
an impact on physical observables?     an impact on physical observables?     

Long wavelength Long wavelength 
supersuper--Hubble Hubble 
perturbations do existperturbations do exist

They will cross the They will cross the 
Hubble  radius in the Hubble  radius in the 
far futurefar future
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Luminosity distanceLuminosity distance--redshift redshift 
relation in a perturbed Universerelation in a perturbed Universe
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SecondSecond--order computationorder computation

synchronous and comoving gauge 



December 24, 2004December 24, 2004 88--th Paris Cosmology Colloquium 2004th Paris Cosmology Colloquium 2004 3838

Metric up to secondMetric up to second--orderorder

ϕ = linear peculiar gravitational potential 
produced by inflaton fluctuations

22--nd order tensorsnd order tensors



December 24, 2004December 24, 2004 88--th Paris Cosmology Colloquium 2004th Paris Cosmology Colloquium 2004 3939

Luminosity distanceLuminosity distance--redshift redshift 
relation in a perturbed Universerelation in a perturbed Universe
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Variance of q0Variance of qVariance of q00

are superare super––Hubble perturbations physical?Hubble perturbations physical?

constant ϕ can be scaled 
out of equations

... but can’t get rid of ϕ∇2ϕ !
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for a scalefor a scale--invariant spectrum, n=1invariant spectrum, n=1
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The variance of qThe variance of q00 can be largecan be large
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Variance of q0Variance of q0
• What we really want is q0 in our Hubble volume

our 
Hubble
volume

our 
inflation
volume
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k N N
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⎛ ⎞
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infrared cutoff at k = kMIN

kMIN related to # of inflation e-folds
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Important technical issuesImportant technical issues

ϕ
ρ

δρ 2∇∝
on superon super--horizon scaleshorizon scales
density perturbations density perturbations 
are < 1   are < 1   

ϕϕ 2∇−eϕϕ 2∇ comes fromcomes from

we may easily go beyond second orderwe may easily go beyond second order
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Local conclusions on Local conclusions on 
backback--reactionreaction

The Hubble parameter and the deceleration parameter are not The Hubble parameter and the deceleration parameter are not 
deterministicdeterministic

Because of the statistical nature of vacuum fluctuations, the Because of the statistical nature of vacuum fluctuations, the 
gravitational potential does not have a wellgravitational potential does not have a well--defined valuedefined value

The theoretical predictions of the background cosmological The theoretical predictions of the background cosmological 
parameters come with a nonparameters come with a non--vanishing cosmic variance implying an vanishing cosmic variance implying an 
intrinsic theoretical error intrinsic theoretical error 

The real, i.e. perturbed, Universe does not require dark energy The real, i.e. perturbed, Universe does not require dark energy to to 
drive acceleration in the observable Hubbledrive acceleration in the observable Hubble--size patch of the global size patch of the global 
inflated region.inflated region.

Inflation might have lasted enough to solve the horizon and flatInflation might have lasted enough to solve the horizon and flatness ness 
problems, but also to explain presentproblems, but also to explain present--day acceleration.day acceleration.
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Global conclusionsGlobal conclusions

relativistic secondrelativistic second--order cosmological order cosmological 
perturbation theory, despite its technical perturbation theory, despite its technical 
complexities, allows to describes a variety of complexities, allows to describes a variety of 
novel phenomena which are either totally novel phenomena which are either totally 
absent or poorly represented by the absent or poorly represented by the 
conventional linear conventional linear perturbativeperturbative approachapproach

… more surprises … to come!… more surprises … to come!


	Surprises from Second-Order Cosmological Perturbation Theory
	Contents
	First-order metric perturbations in the Poisson gauge (dust case)
	Second-order metric perturbations in the Poisson gauge (dust case)
	based on …
	Why (non-) Gaussian?
	The present-day view on non-Gaussianity
	“Non-Gaussian=non-dog”
	Non-Gaussianity and scale-invariance
	The non-Gaussian model
	Classify Inflationary Models
	Classify Inflationary Models
	Where does large-scale non-Gaussianity come from?
	Non-Gaussianity requiresmore than linear theory …
	Evaluating non-Gaussianity from inflation: summary
	Non-Gaussianity from Inflation: results
	Inflation models and fNL
	Non-Gaussian CMB maps: Planck resolution
	Observational constraints on fNL
	Statistical analysis of NG CMB maps vs. WMAP
	Searching for non-Gaussianity with rare events
	Searching for non-Gaussianity with LSS
	Conclusions on NG
	Second-order effects from scalar modes & B-mode polarization
	Magnetic field generation from secondary vector modes
	Does acceleration require Dark Energy? 
	Solution of the horizon problem: inflation  ä >0
	Local conclusions on back-reaction
	Global conclusions

